ABSTRACT: For group codes over elementary Abelian groups we present definitions of the generator and the parity check matrices, which are matrices over the ring of endomorphism of the group. We also lift the theorem that relates the parity check and the generator matrices of linear codes over finite fields to group codes over elementary Abelian groups. Some new codes that are MDS, self-dual, and cyclic over the Abelian group with four elements are given.
Introduction
A group code of length n over an Abelian group C A is a subgroup of , the n-fold direct product of . The rate is defined by
, where log X stands for cardinality.
A group code C of length with rate and minimum Hamming distance d is called a [ code. A linear code C over a field is also a group code over the additive group of . It has been shown by Forney and Trott (1993) that many of the important structural properties of codes over are associated with the additive and not the multiplicative group properties of . For an information set supporting group codes (Forney, 1992) i.e. for group codes that are equivalent to systematic group codes over Abelian groups, the notion of generator and check matrices was introduced in Biglieri and Elia (1993) . In this paper, following Biglieri and Elia (1993) , we present the formal definitions of a generator and parity check matrices over the endomorphism ring of the elementary Abelian groups. Based on this we generalize the well known theorem that relates the generator and parity check matrices of linear codes over fields to group codes over elementary Abelian groups. Some new codes, MDS, Self-Dual, and Cyclic over the Abelian group with four elements, which cannot be obtained as linear codes over fields, are presented.
The paper is organized as follows. Section 2 contains the mathematical preliminaries. In section 3 the main theorem of the paper is proved. Table 2 contains the generator matrices and the listing of the code words of the new codes. 
Preliminaries
ψ be an endomorphism of the group defined by the following
Then ψ can be specified by the following m m
The action of ψ on any element , is given by the following expression
The endomorphism ring of denoted by is isomorphic to the matrix ring consisting of matrices over a finite field with 
10 01 11 01 10 11 ( ) , , , , , 01 10 10 11 11 01
00 10 01 11 , , , (2 00 01 11 10
The set , the set of endomorphisms, contains as a proper subset the set GL , the set of automorphisms, which contains a proper subset of the set that is isomorphic to the finite field with four elements, . The action of every endomorphism on the group elements is shown in Table 1 , where the first column contains the elements of the group against which are the images under the action of the underlying endomorphism. 00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  00  10  00  10  01  00  00  11  10  10  01  01  00  01  10  11  11  11  01  00  00  00  10  01  00  10  01  10  01  11  11  11  01  10  11  11  00  10  01  10  01  11  00  11  11  00  11  10  01  10  01  00 3.
, where u A , 1, 2, , ,
will be encoded into a codeword where , and these code words form a code. The first part of the codeword consists of the message itself:
Following the definition of systematic group codes presented by Biglieri and Elia (1993) , the check symbols can be obtained as
In matrix notation the above can be written as
where is the generator matrix of the code given by Ψ and I ψ is the identity endomorphism that maps every element in the group onto itself while 0 ψ is the zero endomorphism that maps every element on to the identity element of the group . e The parity check matrix Η for the code can be obtained as follows (9) where inv ψ is the endomorphism that maps every element on to its inverse. (This parity check matrix is different from the parity check matrix in Biglieri and Elia (1993) (7) and (9) in the above matrix equation, we obtain 
: Based on example 2 we present, in Table 2 , three new (4,2,3) group codes and their binary images, where the codes belong to the set , and they do not belong to the set ' Ρ ' ' Ρ ; that means that they cannot be obtained as linear codes over GF . We also observe that these codes are self-dual, MDS and two of them are also cyclic. ) 4 ( 00 00 00 00 00 10 01 11 00 01 11 01 00 11 10 10 10 00 10 11 10 10 11 00 10 01 01 10 10 11 00 01 01 00 11 10 01 10 10 01 01 01 00 11 01 11 01 00 11 00 01 01 11 10 00 10 11 01 10 00 00 00 00 00 00 10 10 11 00 01 11 10 00 11 01 01 10 00 01 11 10 10 11 00 10 01 10 01 10 11 00 10 01 00 11 01 01 10 01 10 01 01 00 11 01 11 10 00 11 00 10 10 11 10 00 01 11 01 01 00 11 11 11 11   0000  0113  0231  0322  1023  1130  1212  1301  2032  2121  2203  2310  3011  3102  3220 3333 00 00 00 00 00 10 11 01 00 01 01 11 00 11 10 10 10 00 11 10 10 10 00 11 10 01 10 01 10 11 01 00 01 00 10 11 01 10 01 10 01 01 11 00 01 11 00 01 11 00 01 01 11 10 10 00 11 01 00 10 11 11 11 11   0000  0132  0223  0311  1031  1103  1212  1320  2013  2121  2230  2302  3022  3110  3201 
Conclusion
In this paper, the formal definitions of a generator and parity check matrices over the endomorphism ring of the elementary Abelian groups have been presented. The well-known theorem that relates the generator and parity check matrices of linear codes over fields were generalized to group codes over elementary Abelian groups. New codes, MDS, Self-Dual, and Cyclic over the Abelian group with four elements, which cannot be obtained as linear codes over fields, were also given. The algebraic framework motivates us to a further study of the class of group codes that are cyclic over elementary Abelian groups especially over to cover the recently developed codes in Ran and Snyders (2000) . 
